


A Program Alumnus as Program
Director

“What factors create a successful research ezperience for undergraduates? A
good mathematical problem, a spirit of collaboration, and supportive interaction
between students and faculty.”
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I was a student participant in an undergraduate research program during the summer
of 1977, under the direction of Joeseph Gallian. For the past two summers I, along with
three colleagues, have directed an undergraduate research program. I have made no formal
study of pedagogy, and after only five years of teaching experience, I consider myself a novice
teacher. Yet, I believe that I have a few insights to offer from my experience on “both sides
of the fence.”

Before presenting my main observations, I will give a short summary of the basic structure
of both summer programs, the one which I have directed, and the one in which I was a
student participant. Before the summer programs began, students were selected on the basis
of applications and assigned to a faculty advisor. The faculty advisor sent each of his or
her students some reading material that included brief descriptions of potential problems to
be considered during the summer. Students chose a problem from a selected list of fairly
significant unsolved problems on which others were not too likely to be working. Students
met individually with their faculty advisor at least once each week but usually more often.
Students presented their progress in a weekly seminar to the other students and faculty. On
other occasions, faculty advisors and other mathematicians presented talks for the students.
Several social events involving both students and faculty were held. Final written reports
are expected from each student. In both programs, it is hoped that papers will be submitted
for publication sometime after the end of the summer, and that students will present their
results at a professional meeting. The major differences between the two programs are the
amount of academic and social interaction among the students and the amount of direct
faculty advisor involvement in student research—our program has a greater amount in both
areas. I think that the expectations were slightly higher in Gallian’s program. Gallian’s
program had three faculty advisors and six students chosen from a nationwide applicant
pool; the WPI program has four faculty advisors and nine students chosen from a New
England and New York state applicant pool. Gallian’s program lasted ten weeks, and the
WPI program is in the fifth of eight weeks.

What factors create a successful research experience for undergraduates? That is, what
nurtures a budding excitement for mathematics? First, the student needs to work on a good
mathematical problem. Second, a spirit of collaboration needs to be developed. Finally,
there must be extensive and supportive interaction between students and faculty. I will
describe each of these in turn using anecdotal evidence.

First, the student needs to work on a good mathematical problem. By “good,” I mean
that the problem is interesting, accessible and flexible. I do not want to start a discussion
of mathematical aesthetics, because the major reason a student finds a problem interesting
is that her or his faculty advisor and others with whom she or he comes in contact find
the problem interesting. Certainly, the problem must be non-trivial and new—at least to
the student and faculty advisor. The student should have some role in the selection of the
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problem. My experience is that the problem should sound “applied.” How many flipping
and rotating machines are needed to make sure that any envelope can be positioned with
its stamp in a particular orientation? What is a fair way to allocate the costs of a joint
venture? How can a structure made of rigid beams be constructed so that the structure is
rigid even when a single beam is removed for repair? Can a fleet of airplanes be serviced in the
available hangars? The student rapidly moves beyond the application to the abstraction. For
example, the envelope problem for me became counting the number of Hamiltonian cycles in
the Cayley diagram of certain classes of groups, and the rigidity problem has become finding
circuits in the rigidity matroid of excess more than three. The importance of the supposed
application is that it provides an initial image and it is a device for the student to explain
what she or he is doing to her nonmathematician parents and friends. When this is lacking,
the following situation can arise: one student expressed reservations about continuing with
his work because of its “lack of applicability,” even though he chose the problem based on
his own literature review.

For a problem to be accessible, the statement and some ramifications must be under-
stood rapidly, and a “straight-forward” approach should lead to substantial progress. This
usually means that the statement of the problem uses very simple mathematical concepts
and suggests an examination of examples. The importance of accessibility can be seen in
what happens in its absence. The three students working on rigidity needed to understand a
fair amount about matroid theory to understand the questions and make some progress to-
wards solutions. The method used by the faculty advisor to impart the necessary knowledge
involved reading, completion of a number of problems, and presentation of the results. With
this approach, the research skills of discovery and presentation could be developed along the
way. Still a certain level of frustration developed which was expressed by one student in
the words, “Aren’t we suppose to be trying to discover new things rather than rediscovering
what is already known?” Flexibility on the part of the faculty advisor turned this crisis into
a positive learning experience: Ari and Tricia became interested in some questions dealing
with self-dual planar graphs and maximal planar graphs that were suggested by the prepara-
tory material; Donnie spent a week on a game theory problem before returning, refreshed,
to matroid theory. From day one (because of course work that occurred before the summer),
Lori understood the problem she selected: are there allocation methods that are coalitionally
rational and monotonic on three and four person games? In particular, does the nucleolus
satisfy this property? The “straight-forward” approach soon developed into a set of over
forty tedious cases in which no insight was being gained. The frustration here was not that
the question was hard to understand but that all the easy approaches yielded no substantive
progress.

By a flexible problem, I mean one that suggests several approaches to its solution and
easily mutates into other problems: more tractible ones if no progress is being made or more
general ones if the original question is answered quickly. My envelope question was one of
optimization, but this naturally led to questions of identification and enumeration. Many
problems are a single question that can be asked for different subclasses (e.g., groups and
graphs). So, when Donna found calculating the nucleolus of minimal cost spanning tree
games to require a background in linear programming which she did not possess, she was
able .to transfer much of her knowledge to calculating the nucleolus for 2-additive games and
obtain some very interesting results, and now she hopes to extend these results (or at least
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the methods) to 3-additive games. The inaccessibility of Lori’s problem could be seen as
an inflexibility because of the initial lack of different approaches to handling the problem;
even the related questions appeared to require the bankrupt approach already in use. What
finally caused a breakthrough was the close examination of the cases already considered and
the discovery of a mistake in a textbook result that had been important in earlier work.

A good problem is certainly not a sufficient requirement for a positive research experience.
It is necessary that a spirit of collaboration be developed. By this I mean that the student
must believe that what s/he is doing is valuable, that s/he can perform competently, and
that s/he can give and accept suggestions and critique in a constructive manner. At the
beginning of the summer, the faculty-student relationship is the usual unequal one where
(from the student’s perspective) the faculty advisor is an all-knowing semi-god who will
impart, hopefully, a modicum of knowledge and wisdom to this slightly frightened person
who undervalues her or his own experience and capabilities. The goal is for the student to
see herself or himself as an equal. Maybe the faculty advisor does have more experience
and training, but the different background, fresh approach and energy of the student can
make her or his contribution original and significant. By the end of the summer, the student
should believe that s/he could fill the advisor’s shoes one day (I believed this at the end of
my summer with Joe).

This sounds a lot like maturation to adulthood. Indeed, I would argue that it is a second
level of mathematical maturity, the first level being the ability to understand and recreate
mathematical proofs (the major goal of most undergraduate programs in mathematics).
Just as the path to adulthood requires a passage through the teenage years, the path to
collaboration requires that the student assert her independence. There is a point when
the student is convinced that she did it. This was certainly the case when I discovered a
graphical representation of group generating sequences, when Tricia discovered a formula for
the number of triangles in maximal planar graphs, when Donna discovered the short and
elegant argument that gave the Shapley value of 2-additive games, when Diane started finding
counterexamples to all of my conjectures, and when Lori made an insightful conjecture about
the conditions under which nucleolus nonmonotonicity would occur. Even learning later that
their “discovery” is not new or even correct does not seem to dampen the effect of this initial
self-discovery. For example, I learned near the end of the summer that my “original” idea for
representing group generating sequences in a graphical manner was the long known concept
of a Cayley diagram. Tricia found that her equality triangle formula was really an inequality
and had been discovered in 1979. Diane subsequently found a counterexample to one of her
own conjectures. In all three situations, there was a certain amount of disappointment, but
the overall reaction was to use the new knowledge to motivate new questions and further
work rather than to give up.

In my experience, the need to assert one'’s independent worth has extended beyond the
academic sphere. In both programs, a number of social events were planned by the faculty.
Nonetheless, the students reciprocated in both programs with a dinner party for everyone.

We found a somewhat unusual confidence builder. A faculty enhancement workshop in
discrete mathematics was offered near where our program was being held, and we were able
to have our students attend talks given by Fred Roberts and Newton Garber. The glow
on the students’ faces after Robert’s talk said, “Wow! I understood these talks just as well
as the faculty present!” One has to be careful though. My three students and I attended
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a game theory conference. On balance the experience was a positive one for the students
(even the 24 hour round-trip driving time wasn’t too bad). But certain participants gave
the students the feeling that they did not belong at the conference, and I should have given
more explicit advice about which talks not to attend.

There is another issue related to collaboration that I would like to address. How closely
should the faculty advisor work with his students? I decided to become directly involved
in the work of my students. Because I did not want to be the person that answered the
research questions, my involvement has been to generate ancillary conjectures, suggest proof
approaches and obtain potentially useful literature. At times I have overloaded the students
with my barrage of suggestions, and this seems to have slowed the development of their
ability to ask their own questions and develop their own approaches. On the positive side, the
frustration spent on worthless approaches has been minimal and a few substantial questions
may be answered by the end of the summer. There have been two occasions when I have not
shared a result (as opposed to a suggestion) immediately with the students. In each case,
the student found the result herself, and in one case, this was the initial self-discovery that,
as noted before, is so important for developing a spirit of collaboration. This is somewhat
hypocritical (collaboration versus withholding information), but probably necessary until
the student begins to feel that she or he is working with, instead of for, the faculty advisor.

A true “hands off” approach allows the faculty advisor to avoid the initial hypocrisy of
occasionally not revealing all of his information, but other problems can occur. For example,
I kept a “hands off” attitude on the specific problem choice. So, Donna spent an inordinate
amount of time on a problem she really did not have the background to attack. While
Joe was not directly involved in the solution of my problem, he had been very direct in
his pushing me away from the problem I was interested in initially. This turned out to be
perhaps the single most important factor in making the summer a success even though I
resented it at the time. In summary, I would argue that a wide range of involvement can be
successful as long as there is room for much student self-discovery and there is a safety net
to save her or him from ill-suited problems and dead end approaches.

Finally, collaboration can extend to groups of students. Brandy and Rob worked together
on a single problem and obtained some nice joint results. I think that this is somewhat of an
unusual situation that worked because of the two students’ personalities and the fact that a
large part of the problem could be approached from two different perspectives. More typical
are my three students who have their own separate but related questions. The work of one
student often has implications for the work of the other two. At the end of the summer, it
was natural that one combined report would be written instead of three separate ones.

A good problem has been presented and the faculty advisor is poised to guide the student
toward a collaborative relationship. The glue that binds everything together is extensive and
supportive interaction. Clearly, the faculty advisor must meet with his students regularly.
Both programs also expected students to give short presentations weekly. I have found
it amazing to see the degree of self-confidence and polish students achieve through this
relatively nonthreatening mechanism.

While these more formal academic means of interaction are necessary, interaction on
a social level is just as important. Peer pressure at most undergraduate institutions is a
powerful deterrent against a potential mathematician. Diane once commented how nice
it was this summer to be among people who didn’t think mathematicians are strange. I
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remember late nights talking about mathematics and world problems with other students
during the summer of 1977. Boyfriends and what makes for an equal marriage mingled with
mathematics on the car trip home from the game theory conference. One faculty advisor
formed a recorder trio with two of the students. The five women and four men students
saw the three men and one woman faculty advisors interacting with each other and the
students on the basis of mutual respect. These students are not maturing mathematically in
a vacuum. They are young adults attempting to mesh a driving interest in mathematics with
their lives. Role models and friendships provide the support needed in a world that often
views mathematicians as odd. So, I conclude with the observation that intellect and training
are necessary, but not sufficient, for a person to become a mathematician. Mathematics must
make sense in the context of our students’ lives. We must show our students mathematics
as the truly human endeavor that it is.



