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Abstract—A convenient formula has been derived for the calculation of Forster transfer rates between
chlorophyll a molecules. The formula is applicable over limited ranges of absorption maxima positions,
Stokes’ shifts, solvents, relative orientations and intermolecular distances. The limitations on the applica-
bility of the Forster transfer model are discussed. Finally, some implications for in vivo energy transfer

are considered.

INTRODUCTION

The vast majority of chlorophyll (Chl) molecules in
vivo function as antenna or light-gathering pigments
which absorb photons and then transfer the resultant
singlet excitation energy among each other until it
is trapped by a few special Chl molecules in the pho-
tosynthetic reaction center. The excitation energy is
then converted into useful chemical oxidizing and
reducing capacity via a series of electron transfers.
The mechanism of singlet excitation migration has
long been the subject of study. For Chl whose excited
singlet states are weakly coupled, the_excitation is
transferred via the Forster mechanism (Forster, 1948
and 1965). The subject of excitation transfer and some
of its implications for photosynthesis have been
covered in recent reviews by Knox (1975 and 1977).

We have noted that there is a significant need for
a convenient formula for the calculation of Forster
transfer rates between Chl a molecules, especially a
formula that covers ranges of absorption maxima
positions, Stokes’ shifts, solvents, relative orientations
and intermolecular distances. The derivation of such
a formula is the subject of this paper.

FORSTER TRANSFER MECHANISM

The four state model of Forster transfer is de-
scribed in Fig. 1 and Table 1. The system consists
of molecules A and B and the surrounding solvent
medium. The first symbol in parentheses following
the letter designating the molecule (ie. A or B)
denotes the populated electronic state of the molecule
and the second symbol denotes the electronic state
for which the intramolecular geometry and solvent
arrangement are appropriate. Thus, A(S;, So) means
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Figure 1. A four state diagram representing Forster

transfer between molecules A and B. See text and Table 1
~ " for a description of the symbols.

that molecule A is in its first excited electronic state,
S,, with an intramolecular geometry and solvent ar-
rangement appropriate for its ground electronic state,
So. All four states of the system are specified in Table 1.
The Forster transfer rate constants are knp and kg,
(Fig. 1). The other two rate constants, designated ‘fast
relaxation’ in Fig. 1, are the rate constants for thermal
equilibration to a Boltzmann population of vibra-
tional levels; this relaxation should be of the order
10'2-10'3s1 at 25°C.

In the range of applicability of the Forster transfer
mechanism, the equilibration rate constant is much
faster than both k,p and kg,, and therefore the equilib-
rium populations of II and 1V are quite small, while
the ratio of the populations of 1 and III is kg,/kap.
An explicit form of the Forster transfer rate constant
is given in the next section.

'DERIVATION OF THE RATE FORMULA

“A quantum mechanical derivation of the Forster
transfer rate expression has been given by Forster
(1965). Since we agree with Forster’s derivation up
to the point of departure for our derivation of an
explicit formula for excitation transfer between
chlorophyll a(Chl a) molecules, the derivation of
Forster need not be repeated here. Our derivation
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Table 1. Description of four state model for Forster transfer*

Electronic state for which
the intramolecular geometry
and solvent arrangement are

System  Electronic State Population of appropriate
statt Mole. A Mole. B vibrational levels Mole. A Mole. B
1 S, So Boltzmann S, So
1 S S, Non-Boltzmann S, So
I So Sy Boltzmann So S,
v S So Non-Boltzmann So . S,

* See text and Fig. 1 for further explanation.

begins with Eq. 10.6 of Forster (1965). Specifically,
the rate constant, k,p (Fig. 1), is given by the follow-
ing expression.*

_ 47210724 [U, U — 3(U, " 1ap)(Us" rap)l’
A<B hzc n4RgB
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where U, (unitless) and Uy (unitless) are unit vectors
in the direction of the So—S; transition dipole on
molecules A and B, respectively, ¥, (unitless) is a
unit vector from the center of macrocycle A to the
center of macrocycle B, Ry (A) is the distance from
the center of macrocycle A to the center of macro-
cycle B, n (unitless) is the index of refraction of the
solvent medium, h (erg-s) is Planck’s constant, ¢ (cm
s™1) is the speed of light in a vacuum, 3. (9) (Debye?
cm) is the S, —S, dipole strength distribution for
fluorescence from molecule A and 3 (%) (Debye? cm)
is the So— S; plus So— S, dipole strength distribu-
tion for light absorption by molecule B, and ¥ (cm™%)
is the energy. The relationship between the dipole
strength distribution and quantum mechanical transi-
tion dipole for Chl a has been previously discussed
(Shipman, 1977a). The constants at the front of Eq. 1

have the following value.

47210724 ‘
ihz—— — 2999 x 10 (A)S Debye *cm™'s™%. (2)
C
We turn now to the evaluation of the Forster
overlap integral,

[jo ]ni,f(v)ué,a(v)dv. | )

From a deconvolution of the visible absorption spec-
trum of Chl a in diethyl ether (Shipman et al, 1976)
the following expression was derived (Shipman,
1977a) for the dipole strength distribution of the

i

*The factor of 10~2* which appears in our Eq. 1 and
does not appear in Forster’s Eq. 10.6 was introduced to
convert units from A to cm (R,p) and from Debye? to

esu? cm? (u?).

So—S; plus So— S, ‘transi.tions,, |
15.4(7) |
= 303 x 10~ 2exp{—2.51 x 1075[% — (3 —~ 11)]
+129 %1072 )
« expl—T.81 x 10-°[7 — (5 + 89117}
+607 x 1073 ,
‘x exp{—3.59 x 107°[y — (5 + 1149))*} (&)

2y
y

4293 x 1073
x exp{—4.59 x 1078[7 — (7 + 2299)1%)

where by (cm ™ !) is the position of the So — S, absorp-
tion maximum for molecule B. The first three terms
in Eq. 4 have been assigned to So — S, and the fourth
term in Eq. 4 has been assigned to a mixture of
So—S; and S¢—S; (Shipman et al, 1976). After
making the assumption of mirror symmetry between
the dipole strength distribution for absorption and
the dipole strength distribution for fluorescence, the
following expression is derived.

X ¢ (%)
=303x 1072
x exp{—2.51 x 1073[% — (4 + Aa + 117}
+1.29 x 1072
"% exp{—7.81 x 107°[% — (Ia + Ap — 89)]%}
+ 607 x 1072 | bt s
x exp{—3.59 x 107°[% — (Jo + As — 1149)]%}
+293 % 1073 0
% exp{—4.59 x 1075[% — (Ja + Ap — 2299)1%}
Whefe Va (cm-i) is the position  of the 'S‘(-,:—¥S,
absorption maximum of molecule A and A, (cm™Y)
is the energy of the S; —S, fluorescence, maximum
minus the energy of the So—S, absorption maxi-

mum. Thus, A, is the Stokes’ shift for molecule A
and is a negative quantity. The first three terms in

Eq. 5 correspond to S; — S, fluorescence and the .
fourth term is an overestimate of the S, — So contri- .
bution because it also contains a contribution from
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Figure 2. Forster overlap integral as a function of the

energy separation between the fluorescence maximum

(a + A,) of molecule A and the absorption maximum (¥s)
of molecule B.

S, — S, which was introduced through the assump-
tion of mirror symmetry.

When Egs. 4 and 5 are substituted into Eq. 3 and
the integral is evaluated, an upper bound for the
Forster overlap integral is obtained; this upper bound
is displayed as a dashed curve in Fig. 2. Similarly,
when Eq. 4 and the first three terms of Eq. 5 are
substituted into Eq. 3 and the integral evaluated, a
lower bound to the Forster overlap integral is
obtained; this result is displayed as a solid curve in

~ Fig. 2. Note that the upper and lower bound curves

coalesce for b, — Vs + As < 1200cm ™!, The fact that
the product of two Gaussians is itself a Gaussian has
been used to obtain an analytic expression for the
lower bound to the Forster transfer rate constant, k.

‘U — 3(U, 128)(Us* rap))’
n*RS%s

kag = 2999 x 10*° [Ua

x {0.230exp[ —1.26 x 1073(7, — ¥ + Ap +22)°]
+0242exp[ — 596 x 10745, — Vg + Ay — 78)’]
+0.122exp[ —3.14 x 10753, — V5 + A, — 1138)°]
+ 0.0746 exp[ —3.90 x 10787, — V5 + Ax — 178)*]
+ 0.0822exp[ —2.46 x 1075(7, — 75 + A, — 1238)*]
+ 0.0244 exp[ —1.80 x 1075(F, — Vg + Ap — 2298)%]
+ 0.0289 exp[ —3.88 x 1075(¥5 — V5 + Ax — 2288)]
+0.0190exp[ —2.89 x 1075 — V5 + A — 2388)?]
+0.0110exp[ —2.01 x 10757, —¥g + A, —3448)*]}.
' (6)

Because Eq. 6 was derived from the lower bound for
the Forster overlap integral (viz., the series expansion
at the end of Eq. 6 is the lower bound curve of Fig. 2),
the limits of applicability of Eq. 6 are v, — bp + A<

. 1165
1200cm~!. The corresponding formula for ky, is
obtained by interchanging A and B in Eq. 6. The
limits of applicability of the resulting formula are
g — Vo + Ag < 1200em ™1,

LIMITATIONS

There are a number of limitations that should be
considered before applying the Forster rate constant
expression given in Eq. 6. Each of these limitations
is discussed separately under subheadings as follows.

Temperature

Equation 6 was derived from a visible absorption
spectrum recorded at 298 K and cannot be applied
accurately for much lower temperatures, where the
absorption and fluorescence peaks should be nar-
rower, or for higher temperatures, where the peaks
should be broader.

Coordination number

The Mg of Chl a is pentacoordinated in diethyl
ether at 298 K. In more nucleophilic solvents such
as pyridine, the Mg is hexacoordinated at 298 K and
there is a significant change in the shape of the
absorption spectrum (Shipman et al, 1976). In less
nucleophilic solvents such as diethyl ether, the Mg
becomes hexacoordinated at low temperatures. Equa-
tion 6 applies accurately only for pentacoordinated
Chl a.

Medium effects

In a previous study (Shipman, 1977a) the Lorentz
model for the solvent medium was used to obtain
a medium correction for the effect of solvent polariza-
tion on the effective electric field at the absorbing
molecule. In addition, a dipole strength correction
was made for the reduced speed of light in diethyl
ether compared to vacuum (1/1.35 reduction) and the
resultant increase in the radiation density. Thus, the
starting point for the present analysis was a dipole
strength distribution for absorption that was cor-
rected, in an approximate way, to the dipole strength
distribution expected for molecules in a medium of
index of refraction 1 (ie. vacuum). The n~* factor
in the rate expression (Eq. 6) is an attempt to account
for the effect of the solvent medium in which mol-
ecules A and B reside. It is assumed that the transi-
tion dipole-transition dipole interaction energy will
be reduced by the reciprocal of the high frequency
dielectric constant (ie. n~2) of the solvent medium
compared to the interaction energy in a vacuum.
Since the interaction energy is squared in the rate
expression, a factor of n™* follows. As A and B
approach each other to the point of close contact,
the n~* factor is a poorer approximation to the true
effect of the solvent medium.

Transition densities

The Forster transfer rate is directly proportional
to the square of the interaction energy between the
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transition densities on molecules A and B. For inter-
molecular spacings large compared to the extent of
the transition density on a molecule, the dipole-
dipole term in a multipole expansion dominates the
interaction energy. It is the dipole—dipole approxima-
tion to the interaction energy that appears in Eq. 6.
Chang (1977) has explicitly considered the limits of
applicability of the dipole-dipole approximation.' ;

Character of the states

As implied in Fig. L, it has been assumed that the
electronic excitation is localized completely on one
molecule or the other. For sufficiently strong transi-
tion density coupling, the electronic excitation will
be delocalized with excitation extending over more
than one molecule on 2 vibrational timescale. Since
the transition density interaction falls off as R73, this
is a more serious problem when the molecules are
close together than when they are far apart. At close
contact between Chl a molecules such that there is a
significant overlap between the molecular orbitals on
the interacting macrocycles, the charge transfer states
corresponding to the transfer of an electron from
A to B or vice versa can mix with the locally excited
states and change the character of the excited states
involved. Equation 6 does not take charge transfer
states into account. Since the molecular orbital overlap
falls off exponentially with separation between the
macrocycles, the mixing in of charge transfer character
is only important for short distances between the
Chl a macrocycles.

Relaxation rate

In Fig. 1 and in Forster's derivation of the rate
expression, the vibrational relaxation raté is assumed
to be much faster than the Forster transfer rate. This
vibrational relaxation rate can be estimated to lie in
the 1012-10t3s™ ! range. Thus, the rate expression of
Eq. 6 is not accurate for Forster transfer rates
approaching 10'2s~'. Again, this is a more serious
problem when the molecules are brought close
together because the Forster transfer rate falls off as
R™S. ;

A limit may be derived for the shortest distance
between the centers of the Chl a macrocycles for
which Eq. 6 is a good approximation. We require
that the Forster transfer rate be much less than
10125~ ! to meet the limit imposed by the vibrational
relaxation rate. Taking the maximum Forster overlap
integral (ie. 0.53 D* cm), the maximum n~4 for sol-
vents generally used in Chl studies (1/1.3%), and the
maximum orientational factor (ie. 4), we find that the
Forster transfer rate constant is always less than
10!t s~ ! for Rap > 25 A. Also, at 25A the absolute
value of the transition dipole-transition dipole inter-
action energy is less than 10cm™!, which is much
smaller than the intramolecular vibrational transi-
tions of Chl a. For such a small interaction energy,
the relaxed states (I and I of Fig. 1) should not
be significantly delocalized over more than one Chl

a molecule. For Rap > 25 A, the edges of the Chl a
macrocycle 7-systems ar€ separated by more than
13A; the intermolecular molecular orbital overlap
between the n-systems should be so small that charge
transfer character is not important to the description
of the electronic states involved. Finally, the work
of Chang (1977) indicates that the dipole-dipole term
of the multipole, expansion becomes 2 good approxi-
mation to the transition density-transition density in-
teraction energy at Rap > 25 A. We conclude, for all
of the above reasons, that Eq. 6 is a good represen-
tation of the singlet excitation transfer rate constant
if the centers of the Chl a macrocycles are separated
by at least 25 A.

IMPLICATIONS FOR IN VIVO
ENERGY TRANSFER

~ Because the average Chl concentration in the thy-
lakoid membranes of green plants is ~0.1 M, many
Ch! molecules may have neighboring Chl molecules
closer than our 25 A limit for the validity of Eq. 6.
Nevertheless, it is worthwhile to consider the effect
of the Franck-Condon factors (Forster overlap inte-
gral) on the rate of energy transfer in vivo using Eq. 6
as a first approximation to the true transfer rate
constant. > :

As shown by Seely (1973) energy transfer from
antenna Chls to photoreaction center Chls can be
accelerated by optimal, non-random arrangement of
Cht “forms’ such that the more red-shifted ‘forms’ are
nearer and the less red-shifted forms’ are farther
away. The Forster overlap integral curve in Fig. 2
allows us to quantify this concept further. The maxi-
mal kap is obtained when the fluorescence maximum
for molecule A is blue-shifted (ie. at a higher energy)
by 25cm ™! relative to the absorption maximum of
molecule B. The four major ‘forms’ of Chl a in vivo
have absorption maxima at ~ 662, ~670, ~677 and
~ 683 nm (Shipman, 1977b). Thus, the energy gap
between sequential $orms’ is 130-181cm™ 1 For Chl
a Stokes’ shifts in the range of 105-156 cm ™!, a maxi-

mum Forster overlap integral between sequential

“forms’ is obtained.

Now consider the implications of the Forster over-
lap curve in Fig. 2 for other than the maximum over-
lap. Figure 2 clearly shows that the kap rate constant
falls off rapidly when the absorption maximum of
molecule B is blue shifted relative to the fluorescence
maximum of molecule A. The Forster overlap integral
goes through a secondary maximum at Jo—Vp+Ba=
1172 cm~*. This maximum has an interesting implica-
tion for the green plant antenna system because it
means that there is a substantial Forster overlap inte-
gral, and therefore the possibility (given suitable Ras
and transition dipole orientations, Eq. 6) of 2 substan-
tial transfer rate, from the_blue-most Chl b ‘form’
(640 nm absorption maximum in vivo, estimated
648 nm fluorescence maximum) to the photoreaction
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center P700 species. Thus, the two maxima in the antenna system from Chl b at jts higher energy end
Forster overlap integral in Fig, 2 span the green plant  to P700 at its lower energy end.
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