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@ Two people are to split a
cake fairly.
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Hard Fair Division Problem

Housman & Unruh (Goshen College)

Fair Division

Two people are to split a
cake fairly.

The cake is not
homogeneous.

Personal preferences may
be complex.

There may be strategic
effects.

“I divide, you choose” is
the oft-cited solution.
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Trivial Fair Division Problem

@ Three people have equal shares in a
chocolate bar.

@ The chocolate bar is homogeneous.

o Perfectly accurate measuring and
cutting devices are available.

@ Each person is honest,
self-interested, and finds twice as
much chocolate twice as good.

@ Only the chocolate bar can be
allocated.
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Simple Fair Division Problem

@ Three people have equal shares in a
chocolate bar.

@ The chocolate bar is homogeneous.

@ Perfectly accurate measuring and
cutting devices are available.

@ Each person is honest,
self-interested, and finds twice as
much chocolate twice as good.

@ People are willing to exchange
money as well as receive chocolate.

@ Each person attaches a monetary
value to the chocolate.
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Equal Shares Method

The chocolate will be divided and money exchanged so that each person

receives the same monetary share of the chocolate and this share is
maximized.
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Equal Shares Method

The chocolate will be divided and money exchanged so that each person

receives the same monetary share of the chocolate and this share is
maximized.

Person Ann  Ben Celine
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Equal Shares Method

The chocolate will be divided and money exchanged so that each person

receives the same monetary share of the chocolate and this share is
maximized.

Person ‘ Ann  Ben Celine
Value |  240¢ 180¢  120¢

Housman & Unruh (Goshen College)

Fair Division



Equal Shares Method

The chocolate will be divided and money exchanged so that each person
receives the same monetary share of the chocolate and this share is

maximized.
Person ‘ Ann  Ben Celine
Value 240¢ 180¢  120¢
Division Choc
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Equal Shares Method

The chocolate will be divided and money exchanged so that each person
receives the same monetary share of the chocolate and this share is

maximized.
Person ‘ Ann  Ben Celine
Value 240¢ 180¢  120¢
Division Choc

—bt—c¢ +b¢ +c¢
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Equal Shares Method

The chocolate will be divided and money exchanged so that each person
receives the same monetary share of the chocolate and this share is
maximized.

Person ‘ Ann  Ben Celine
Value 240¢ 180¢  120¢
Division Choc

—bt—c¢ +b¢ +c¢
Share % Wbo 155
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Equal Shares Method

The chocolate will be divided and money exchanged so that each person
receives the same monetary share of the chocolate and this share is
maximized.

Person ‘ Ann  Ben Celine
Value 240¢ 180¢  120¢
Division Choc
—b¢—c¢ +b¢ +c¢
Share % Wbo 155
@ To equalize the monetary shares, % = % = 155-
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Equal Shares Method

The chocolate will be divided and money exchanged so that each person
receives the same monetary share of the chocolate and this share is
maximized.

Person ‘ Ann  Ben Celine
Value 240¢ 180¢  120¢
Division Choc
—b¢—c¢ +b¢ +c¢
Share % Wbo 155
@ To equalize the monetary shares, % = % = 155-

@ The solution is b = 80 and ¢ = 53, and each person receives a
g = 44% monetary share.
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Equal Shares Method

The chocolate will be divided and money exchanged so that each person
receives the same monetary share of the chocolate and this share is
maximized.

Person ‘ Ann  Ben Celine
Value 240¢ 180¢  120¢
Division Choc
—b¢—c¢ +b¢ +c¢
Share % Wbo 155
@ To equalize the monetary shares, % = % = 155-

@ The solution is b = 80 and ¢ = 53, and each person receives a
g = 44% monetary share.

@ In general, if Ann, Ben, and Celine value the chocolate bar at
A > B > C, then give the chocolate bar to Ann and have her pay
AB AC : : A
ALB+C to Ben and A+BLC to Celine. Each receives a ATBLC

monetary share.
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Envy Appears

Person ‘ Ann Ben Celine
Value 240¢ 180¢ 120¢
Division Choc — 133¢ -+ 80¢ + 53¢
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Envy Appears

Person ‘ Ann Ben Celine
Value 240¢ 180¢ 120¢
Division Choc — 133¢ 4+ 80¢ + 53¢
Ann's View 107¢ 80¢ 53¢

Housman & Unruh (Goshen College) Fair Division



Envy Appears

Person ‘ Ann Ben Celine
Value 240¢ 180¢ 120¢
Division Choc — 133¢ 4+ 80¢ + 53¢
Ann's View 107¢ 80¢ 53¢
Ben's View 47¢ 80¢ 53¢
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Envy Appears

Person Ann Ben Celine
Value 240¢ 180¢ 120¢
Division Choc — 133¢ 4+ 80¢ + 53¢
Ann's View 107¢ 80¢ 53¢
Ben's View 47¢ 80¢ 53¢
Celine's View —13¢ 80¢ 53¢
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Envy Appears

Person Ann Ben Celine
Value 240¢ 180¢ 120¢
Division Choc — 133¢ 4+ 80¢ + 53¢
Ann's View 107¢ 80¢ 53¢
Ben's View 47¢ 80¢ 53¢
Celine's View —13¢ 80¢ 53¢

Celine envies Ben.
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Person ‘ Ann Ben Celine
Value 240¢ 180¢ 120¢
Division 2Choc — 90¢  ¢Choc + 30¢  + 60¢
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Person ‘ Ann Ben Celine
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Person Ann Ben Celine
Value 240¢ 180¢ 120¢
Division 2Choc — 90¢  ¢Choc + 30¢  + 60¢
Ann's View 110¢ 70¢ 60¢
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Celine's View 10¢ 50¢ 60¢

Housman & Unruh (Goshen College)

Fair Division




Person Ann Ben Celine
Value 240¢ 180¢ 120¢
Division 2Choc — 90¢  ¢Choc + 30¢  + 60¢
Ann's View 110¢ 70¢ 60¢
Ben's View 60¢ 60¢ 60¢
Celine's View 10¢ 50¢ 60¢

No person envies another person.

Housman & Unruh (Goshen College) Fair Division



m-Person Simple Fair Division Problem

@ Suppose m persons value a homogeneous object at vq, vo, ..., Vi,
respectively.
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m-Person Simple Fair Division Problem

@ Suppose m persons value a homogeneous object at vy, vo, ..., vy,
respectively.

@ A division gives a fraction x; of the object to person i and transfers dj;
in money from person i.
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m-Person Simple Fair Division Problem

@ Suppose m persons value a homogeneous object at vy, vo, ..., vy,
respectively.

@ A division gives a fraction x; of the object to person i and transfers dj;
in money from person i.

@ Of course, x1,x2, ... Xm >0, x1+x++-++xn =1, and
iyt ot dm = L.
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m-Person Simple Fair Division Problem

@ Suppose m persons value a homogeneous object at vy, vo, ..., vy,
respectively.

@ A division gives a fraction x; of the object to person i and transfers dj;
in money from person i.

@ Of course, x1,x2, ... Xm >0, x1+x++-++xn =1, and
dtdyt et dy=1.

@ So, divisions are a (2m — 2)-dimensional subset of a 2m-dimensional
space.

@ A division is envy free if for each person k and j, the value person k
has for person k's portion is at least as great as the value person k
has for person j's portion.
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m-Person Simple Fair Division Problem

@ Suppose m persons value a homogeneous object at vy, vo, ..., vy,
respectively.
A division gives a fraction x; of the object to person i and transfers dj;
in money from person i.
Of course, x1, %, ..., Xm >0, x1+x+ -+ +xn =1, and
dtdyt et dy=1.
So, divisions are a (2m — 2)-dimensional subset of a 2m-dimensional
space.
A division is envy free if for each person k and j, the value person k
has for person k's portion is at least as great as the value person k
has for person j's portion.
Equivalently,

Vi — die > vixj — dj

forall k, j€1,2,...,m.
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m-Person Simple Fair Division Problem

@ Suppose m persons value a homogeneous object at vy, vo, ..., vy,
respectively.
A division gives a fraction x; of the object to person i and transfers dj;
in money from person i.
Of course, x1, %, ..., Xm >0, x1+x+ -+ +xn =1, and
di+do+--+dn=1
So, divisions are a (2m — 2)-dimensional subset of a 2m-dimensional
space.
A division is envy free if for each person k and j, the value person k
has for person k's portion is at least as great as the value person k
has for person j's portion.
Equivalently,

Vi — die > vixj — dj
forall k, j€1,2,...,m.
@ So, the set of envy-free divisions is the intersection of m? half-spaces.
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2-Person Envy-Free Divisions

(%1, X2, dy, da) (1,0, v4/2, -v412)
wvil2 |
L %220
Person 1 does not
& envy person 2
wal2 |
(1,0, va2, -v512)
- Person 2 does not
envy person 1
(112,112,0,0)
o L il L 1
04 05 06 07 08 09 1 1.1

X1
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3-Person Extreme Envy-Free Divisions

The extreme vectors of the
set of envy-free divisions for
a 2-person fair division

problem:
X1 X2 d1 d2
Ly 1 0 % vi — % Vi
W1 1 0 % Vo — % Vo
1 1
E 5 3 0

10/09 10 / 16
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3-Person Extreme Envy-Free Divisions

The extreme vectors of the set of
envy-free divisions for a 3-person fair
division problem:

The extreme vectors of the
set of envy-free divisions for
a 2-person fair division

problem:
Xy Xo x3 di d> ds3
X1 X di dr Ly 1 0 O %Vl _%Vl —%Vl
1 1 2 1 1
L1 1 0 §V1 —§V1 W1 1 0 0 §V2 —§V2 —§V2
1 1 11 1 1 1
Wl ]_ O §V2 —§V2 L2 5 5 0 6V2 6‘/2 —§V2
1 1 1 1 1 1 _1
E 5 3 Wo 53 5 0 §wv gvs 3V3
E I I £ 0o o0 0
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4-Person Extreme Envy-Free Divisions

The extreme vectors of the set of envy-free divisions for a 4-person fair
division problem:

X1 Xo X3 x4 dp d> ds3 ds
L[{f 1 0 0 O %vl %vl —%vl -
W1 1 0 0 0 %Vg —%VQ _ZVQ _ZVZ
Ly % % 0 0 %VQ %VQ —zV2 —zw»
W2 % % 0 0 %V3 %V3 —ZV3 _ZV3
Ls 3 3 3 0 v 1(3vs v —3vs
Wl hh 0w hw dw -l
el lld o0 o o
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m-Person Extreme Envy-Free Divisions

SETH UNRUH’S THEOREM. Suppose there are m persons who can divide
a single homogenous object of monetary value v; to person i, and they are
willing to transfer money. The set of envy-free divisions is the simplex with
vertices Ly, Lo, ..., Lpy—1, Wi, Wh, ..., Wp_1, E where

XI1="""=Xk Xkp1 =" =Xm i =-=dx dey1="+"=dn
Lo : 4-u -4
Ly i 0 Vigr _ Vit — Vet
E 1 1 0 0
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Envy-Free Divisions as Auctions

The extreme vectors of the set of envy-free divisions for an m-person fair
division problem can be described in the following manner.
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Envy-Free Divisions as Auctions

The extreme vectors of the set of envy-free divisions for an m-person fair
division problem can be described in the following manner.

@ Think of v; as a bid person i places on the object.
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Envy-Free Divisions as Auctions

The extreme vectors of the set of envy-free divisions for an m-person fair
division problem can be described in the following manner.

@ Think of v; as a bid person i places on the object.

@ Split the object equally among the k highest bidders.
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Envy-Free Divisions as Auctions

The extreme vectors of the set of envy-free divisions for an m-person fair
division problem can be described in the following manner.

@ Think of v; as a bid person i places on the object.
@ Split the object equally among the k highest bidders.

@ Choose vy or vg41 to be the winning bid.
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Envy-Free Divisions as Auctions

The extreme vectors of the set of envy-free divisions for an m-person fair
division problem can be described in the following manner.

Think of v; as a bid person i places on the object.
Split the object equally among the k highest bidders.

Choose vy or vii1 to be the winning bid.

Have each of the k highest bidders pay % of the winning bid.
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Envy-Free Divisions as Auctions

The extreme vectors of the set of envy-free divisions for an m-person fair
division problem can be described in the following manner.

@ Think of v; as a bid person i places on the object.

@ Split the object equally among the k highest bidders.

@ Choose vy or vg41 to be the winning bid.

@ Have each of the k highest bidders pay % of the winning bid.
@ Give each person % of the money paid.

Proof that the above described divisions are envy-free:

Vi > v > Vkil > V)
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Envy-Free Divisions as Auctions

The extreme vectors of the set of envy-free divisions for an m-person fair
division problem can be described in the following manner.

@ Think of v; as a bid person i places on the object.

@ Split the object equally among the k highest bidders.

@ Choose vy or vg41 to be the winning bid.

@ Have each of the k highest bidders pay % of the winning bid.
@ Give each person % of the money paid.

Proof that the above described divisions are envy-free:

Vi 2> Vi > Vil > V)
WinningBid
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Envy-Free Divisions as Auctions

The extreme vectors of the set of envy-free divisions for an m-person fair
division problem can be described in the following manner.

@ Think of v; as a bid person i places on the object.

@ Split the object equally among the k highest bidders.

@ Choose vy or vg41 to be the winning bid.

@ Have each of the k highest bidders pay % of the winning bid.
@ Give each person % of the money paid.

Proof that the above described divisions are envy-free:
Vi = Vi > ki1 > V)

WinningBid
+Object — £ WinningBid
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Envy-Free Divisions as Auctions

The extreme vectors of the set of envy-free divisions for an m-person fair
division problem can be described in the following manner.

@ Think of v; as a bid person i places on the object.

@ Split the object equally among the k highest bidders.

@ Choose vy or vg41 to be the winning bid.

@ Have each of the k highest bidders pay % of the winning bid.
@ Give each person % of the money paid.

Proof that the above described divisions are envy-free:

Vi = Vi > Vb1 > V)
WinningBid
+Object — £WinningBid
+ % WinningBid +3WinningBid
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Envy-Free Divisions as Auctions

Fhe-extreme-veectorsof-thesetof Each envy-free division for an m-person
fair division problem can be described in the following manner.
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Envy-Free Divisions as Auctions

Fhe-extreme-veectorsof-thesetof Each envy-free division for an m-person
fair division problem can be described in the following manner.

@ Think of v; as a bid person i places on the object.

@ Split a portion p of the object equally among the k highest bidders.
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Envy-Free Divisions as Auctions

Fhe-extreme-veectorsof-thesetof Each envy-free division for an m-person
fair division problem can be described in the following manner.
@ Think of v; as a bid person i places on the object.
@ Split a portion p of the object equally among the k highest bidders.
@ Choose a number between vy and vi1 to be the winning bid.
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Envy-Free Divisions as Auctions

Fhe-extreme-veectorsof-thesetof Each envy-free division for an m-person
fair division problem can be described in the following manner.

Think of v; as a bid person i places on the object.

Split a portion p of the object equally among the k highest bidders.
Choose a number between vy and vj1 to be the winning bid.

Have each of the k highest bidders pay %p of the winning bid.
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Envy-Free Divisions as Auctions

Fhe-extreme-veectorsof-thesetof Each envy-free division for an m-person
fair division problem can be described in the following manner.

@ Think of v; as a bid person i places on the object.
Split a portion p of the object equally among the k highest bidders.
Choose a number between vy and vj1 to be the winning bid.
Have each of the k highest bidders pay %p of the winning bid.
Give each person % of the money paid.
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Envy-Free Divisions as Auctions

Fhe-extreme-veectorsof-thesetof Each envy-free division for an m-person
fair division problem can be described in the following manner.

Think of v; as a bid person i places on the object.

Split a portion p of the object equally among the k highest bidders.
Choose a number between vy and vj1 to be the winning bid.

Have each of the k highest bidders pay %p of the winning bid.

Give each person % of the money paid.

Repeat above with a different p and k until the entire object is
allocated.

Proof that more of the object is given to those who value the object more:

j<l supposition
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Envy-Free Divisions as Auctions

Fhe-extreme-veectorsof-thesetof Each envy-free division for an m-person
fair division problem can be described in the following manner.

Think of v; as a bid person i places on the object.

Split a portion p of the object equally among the k highest bidders.
Choose a number between vy and vj1 to be the winning bid.

Have each of the k highest bidders pay %p of the winning bid.

Give each person % of the money paid.

Repeat above with a different p and k until the entire object is
allocated.

Proof that more of the object is given to those who value the object more:

j<l supposition
vix; —d; > vix; —d;  j does not envy /
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Envy-Free Divisions as Auctions

Fhe-extreme-veectorsof-thesetof Each envy-free division for an m-person
fair division problem can be described in the following manner.

Think of v; as a bid person i places on the object.

Split a portion p of the object equally among the k highest bidders.
Choose a number between vy and vj1 to be the winning bid.

Have each of the k highest bidders pay %p of the winning bid.

Give each person % of the money paid.

Repeat above with a different p and k until the entire object is
allocated.

Proof that more of the object is given to those who value the object more:

j<l supposition
vix; —d; > vix; —d;  j does not envy /
vix; — dp > vixj — d; | does not envy j
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Envy-Free Divisions as Auctions

Fhe-extreme-veectorsof-thesetof Each envy-free division for an m-person
fair division problem can be described in the following manner.

Think of v; as a bid person i places on the object.

Split a portion p of the object equally among the k highest bidders.
Choose a number between vy and vj1 to be the winning bid.

Have each of the k highest bidders pay %p of the winning bid.

Give each person % of the money paid.

Repeat above with a different p and k until the entire object is
allocated.

Proof that more of the object is given to those who value the object more:

j<l supposition
vix; —d; > vix; —d;  j does not envy /
vix; — dp > vixj — d; | does not envy j
ViXj + vix; 2 vjx; + v;x; sum the two inequalities

A
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Envy-Free Divisions as Auctions

Fhe-extreme-veectorsof-thesetof Each envy-free division for an m-person
fair division problem can be described in the following manner.
Think of v; as a bid person i places on the object.

@ Split a portion p of the object equally among the k highest bidders.
@ Choose a number between vy and vi1 to be the winning bid.
@ Have each of the k highest bidders pay %p of the winning bid.
@ Give each person % of the money paid.
@ Repeat above with a different p and k until the entire object is
allocated.
Proof that more of the object is given to those who value the object more:
j<l supposition
vix; —d; > vix; —d;  j does not envy /
vix; — dp > vixj — d; | does not envy j
ViXj + vix; 2 vjx; + v;x; sum the two inequalities
(vi —vi)xj > (vj — vj)x; rearrange
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Envy-Free Divisions as Auctions

Fhe-extreme-veectorsof-thesetof Each envy-free division for an m-person
fair division problem can be described in the following manner.
Think of v; as a bid person i places on the object.

@ Split a portion p of the object equally among the k highest bidders.
@ Choose a number between vy and vi1 to be the winning bid.
@ Have each of the k highest bidders pay %p of the winning bid.
@ Give each person % of the money paid.
@ Repeat above with a different p and k until the entire object is
allocated.
Proof that more of the object is given to those who value the object more:
j<l supposition
vix; —d; > vix; —d;  j does not envy /
vix; — dp > vixj — d; | does not envy j
ViXj + vix; 2 vjx; + v;x; sum the two inequalities
(vi —vi)xj > (vj — vj)x; rearrange
Xj > X divide by (v; — v))
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Seth Unruh’s Proof
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Seth Unruh’s Proof

@ The set of envy-free divisions is the intersection of the m? half-spaces
X > 0 and vixg — di > vexj — dj forall k, j=1,2,..., m.
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Seth Unruh’s Proof

@ The set of envy-free divisions is the intersection of the m? half-spaces
X > 0 and vixg — di > vexj — dj forall k, j=1,2,..., m.
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Seth Unruh’s Proof

@ The set of envy-free divisions is the intersection of the m? half-spaces
X > 0 and vixg — di > vexj — dj forall k, j=1,2,..., m.

o Ly, Wy, and E are envy-free divisions for all k =1,2,..., m—1.

e If (x,d) is an envy-free division, then

m—1 m—1
(X, d) = Z oLy + Z ﬁka—l-’)/E
k=1 k=1

where
a = k(Vk+1Xk+1 — dit1) — (Vkprxe — di)
Vik — Vik41
By — k(Vka — di) = (Vikxr1 — dit1)
Vk — Vk+1
Y = mxp.
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Seth Unruh’s Proof

@ The set of envy-free divisions is the intersection of the m? half-spaces
X > 0 and vixg — di > vexj — dj forall k, j=1,2,..., m.

o Ly, Wy, and E are envy-free divisions for all k =1,2,..., m—1.

e If (x,d) is an envy-free division, then

m—1 m—1
(X, d) = Z oLy + Z ﬁka—l-’)/E
k=1 k=1
where

o = k(Vk+1Xk+1 — dkt1) = (Ve — d)

Vik — Vik41
B = (e — di) = (Vi1 — dienn)
Vk — Vk+1

Y = MXp.

@ These 2m — 1 divisions are affinely independent in a 2m — 2

dimensional space.
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